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Abstract
A three-dimensional direct stability analysis of the ﬂow in a straight channel with a smooth constriction with 50% occlusion is
performed. Two-dimensional steady and long-period pulsatile ﬂows are investigated with respect to instabilities and transition to
turbulence. The steady base ﬂow is asymmetric for the Reynolds number range considered in this work, with critical value for
linear instability of Re = 558.7 to three-dimensional perturbations. Although the steady ﬂow is linearly stable for two-dimensional
perturbations at Re = 700, it presents a maximum transient energy growth of the order of 107. The pulsatile ﬂow becomes linearly
unstable at Re = 249.7 to three-dimensional perturbations. The optimal initial condition that triggers the maximum growth of a
two-dimensional perturbation occurs for a disturbance applied shortly after the peak velocity of the pulse for Re = 200 with a
growth of the order of 103, the same order found for Re = 400, but applying the perturbation in the beginning of the pulse.
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1. Introduction
The study of the ﬂow in stenotic vessels is extremely important because of the association of arterial disease
with ﬂow-related mechanisms. Computational studies have been published on this matter, with focus on a steady
and pulsatile ﬂows in an idealized model of stenosed artery, which consists of a straight tube with an axisymmetric
constriction with 75% occlusion. Sherwin et al.1 carried out linear stability analyses and direct numerical simulations
(DNS) to study asymptotic the global stability. Blackburn et al.2 performed transient growth analysis for steady and
pulsatile ﬂows. Mao et al.3 investigated a more complex and realistic ﬂow, using a physiological pulsatile ﬂow, which
showed an explosive energy growth of the order of 1025 even with the ﬂow being linearly stable at this Reynolds
number.
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Fig. 1: Stenosis geometry.
There are also some other papers that deal with linear stability analysis and transient growth in conﬁned ﬂows in
diﬀerent geometries such as backward-fancing step4,5, in an axisymmetric pipe with a sudden expansion6 and in a
constricted channel7 .
In this paper we consider a rigid straight channel, width D, with a smooth constriction of co-sinusoidal shape
(Fig. 1). The relative occlusion is S = 1 − Dmin/D. In our study, Dmin/D = 0.5, i.e., S = 0.5, and the stenosis length
considered is L = 2D. An important dimensionless parameter of any bulk-ﬂow waveform is the reduced velocity
Ured = u¯mT/D, where T is the pulse period and u¯m is the mean velocity1. The reduced velocity considered in the
present work is Ured = 10. The velocity waveform applied in the pulsatile ﬂow is a single-harmonic pulse, given by
u¯(t) = u¯m(t){1 + 0.75 sin[2π(t + t0)/T ]} (1)
where t0 is a parameter to change the phase of the pulse, as discussed in section 4.
2. Methodology
The ﬂuid motion is governed by the incompressible Navier-Stokes equations, written in non-dimensional form as
∂tu = −(u · ∇)u − ∇p + Re−1∇2u, with ∇ · u = 0 in Ω, (2)
where ∂t denote a partial derivative with respect to time t, u(x, t) = (u, v)(x, y, t) is the velocity vector, p(x, t) is the
kinematic pressure ﬁeld, Re is the Reynolds number and Ω is the ﬂow domain.
With the goal of understanding the principal factors that produce ﬂow instabilities and transition to turbulence, we
applied asymptotic stability analysis and transient growth analysis to the steady and pulsatile ﬂows. These methods
are based on the time-integration of the linearezed Navier-Stokes equations, which for a perturbation ﬂow u′ and
kinematic pressure p′ in the spatial domain Ω are
∂tu′ = −(U · ∇)u′ − (u′ · ∇)U − ∇p′ + Re−1∇2u′, with ∇ · u′ = 0 in Ω. (3)
We can deﬁne an operatorA(τ) to describe the action of (3) on an initial perturbation u′(t = 0) over a time interval
τ such that u′(τ) = A(τ)u′(0).
2.1. Linear stability analysis
To determine the asymptotic stability of the base ﬂow U, we solve the eigensystem of this forward evolution opera-
torA(τ). The solution of the linear system (3) can be decomposed as a sum of eigenmodes u′(x, t) = ∑ j exp(σ jt)u˜j +
c.c., where σ j is the complex growth rate of the eigenfunction u˜j. Then the stability is governed by the leading
eigenmodes of the eigenproblem
A(τ)u˜ j = μ ju˜ j, with μ j ≡ exp(σ jτ), (4)
where μ j are eigenvalues. Therefore, a mode is linearly unstable if the real part of the growth rate, σ j, is positive,
which corresponding to |μ j| > 13.
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2.2. Transient growth analysis
The transient growth is deﬁned with respect to the energy norm of the perturbation. If the norm of the initial per-
turbation is ‖u′(0)‖ = 1 in the standard L2 inner product. Then the energy of the perturbation after time τ, normalized
with the initial energy, is
E(τ)/E(0) = (u′(τ), u′(τ)) = (A(τ)u′(0),A(τ)u′(0)) = (u′(0),A∗(τ)A(τ)u′(0)), (5)
where E is the kinematic energy per unit mass of a perturbation and the operator A∗ is the adjoint of the forward
operatorA. The action ofA∗ is obtained by integrating the adjoint linearized Navier-Stokes equations
∂tu∗ = −(U · ∇)u∗ − (∇U)T · u∗ − ∇p∗ + Re−1∇2u∗, with ∇ · u∗ = 0 in Ω, (6)
backwards over the time interval τ. Thus, to compute the optimal growth of the perturbation, we need to act the
symmetric operatorA∗(τ)A(τ) on u′. Therefore, the optimal growth is obtained by the leading eigenmodes of
A(τ)v j = λ jv j, (7)
where λ j and v j are the eigenvalues and eigenmodes ofA∗(τ)A(τ) with ‖v‖ = 1. Thus, the maximum energy growth,
G(τ), obtained at time τ is G(τ) = max j λ j 6.
2.3. Discretization
Spectral elements are used for spatial discretization of the plane geometry8. Time integration is carried out using
second-order velocity-correction schemes. The mesh used for steady ﬂow is composed by 2046 elements with a
inﬂow and outﬂow length respectively of 20D and 45D relative to the throat of the stenosis. For the pulsatile ﬂow,
the mesh have 2144 elements with inﬂow and outﬂow lenght of 25D and 45D, respectively. We use long domains to
accommodate well the disturbance upstream and downstream during the linear stability analysis and transient growth.
The mesh for pulsatile ﬂow was extended to obtain mesh convergence with satisfactory error to transient growth. We
use a very reﬁned mesh structure near the constriction1. For both the linear stability analysis and transient growth, the
steady and pulsatile base ﬂows were pre-computed and stored as data. In pulsatile ﬂow, 192 time-slices were stored,
and the base ﬂows were reconstructed from these data.
The spectral element polynomial order used for a satisfactory error was N ≥ 5. Linear stability analysis and
transient growth for steady and pulsalile ﬂows were computed with N = 6, except for some long time evolution for
transient growth calculations, for which we used N = 5. In both methods the eigensolution tolerance was 10−5.
3. Steady inlet ﬂow
3.1. Base ﬂow characteristics
Now we will discuss the main characteristics of the steady base ﬂow. Figure 2(a) shows the contours of vorticity
of the steady base ﬂow at Reynolds number equals to 700. We can see that this ﬂow ﬁeld is very asymmetric. The
two boundary layers in the constriction separate immediately after the narrowest section and turn upward. Figure 2(b)
shows the streamlines, which clearly exhibit the upward deﬂection of the jet and the recirculation regions in the ﬂow.
At all Reynolds numbers considered in our study the base ﬂows are qualitatively similar, but for Reynolds number
less than 400 the base ﬂow becomes symmetric.
3.2. Linear stability
In Figure 3, we plot the (real) leading eigenvalues, σ, as a function of spanwise wavenumber β for Reynolds
numbers of 400 up to 700. All leading eigenvalues obtained are real, except for β = 0.5 at Re = 700. From this
plot we observe that the spanwise wavenumber of the most unstable modes is approximately β = 1.5 for the higher
Reynolds numbers.
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(b)
Fig. 2: Two-dimensional base ﬂow at Re = 700 for steady ﬂow. (a) Vorticity contours and (b) Streamfunctions,
showing the recirculation regions.
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Fig. 3: Linear stability analysis of steady ﬂow. Plot of the leading eigenvalues, σ, against spanwise wavenumber β for
diﬀerent Reynolds numbers.
Figure 4, shows the neutral stability curve for the steady ﬂow in the constricted channel up to Re = 700. The
critical Reynolds number and corresponding spanwise wavenumber are Rec = 558.7 ± 0.1 and βc = 1.46 ± 0.01. The
critical spanwise wavelength is 2π/βc = 4.30 channel widths. This curve features a secondary instability, because
for Reynolds number less than 400 the base ﬂow presents a symmetric breaking, which is classiﬁed as a primary
instability. Pitt et al.7 reported the onset of the primary instability at Re ≈ 125 and of the secondary instability at
Re ≈ 290 to three-dimensional perturbations for a 60% constricted channel, which suggests that the narrower the
constriction, the lower the Reynolds number required for secondary instability.
3.3. Transient energy growth
From Floquet stability analysis, we have established that the ﬂow is linearly stable to inﬁnitesimal two-dimensional
perturbations in the range of Reynolds number considered. Now, we turn our attention to the determination of the
largest transient energy growth for a given initial perturbation.
Figure 5, shows the optimal growth, G(τ), as a function of time horizon for Reynolds number from 400 to 700
in steps of 50 for a ﬁxed value of spanwise wavenumber (β = 0). As we can see, the perturbations are ampliﬁed by
a large factor with the increase of Reynolds number. At Re = 700, the perturbation grows in energy by a factor of
107. Therefore, although the ﬂow is linearly stable at Re = 700 to two-dimensional perturbations it can generate huge
growth at small times.
This plot exhibits three peaks of local maximum growth for the two higher Reynolds numbers, two peaks for
Re = 600 and only one for the lower Reynolds numbers. All eigenvalues around ﬁrst local maximum are real, but the
second and third peaks are generated by complex eigenvalues. In each region of local maximum, the peak growth,
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Fig. 6: Plots of two-dimensional optimal disturbance for steady ﬂow, computed at Re = 700. (a) Contours of velocity
in the x-direction (white, positive; black, negative) for optimal initial perturbation for τ = 15. (b) Contours of vorticity
of the optimal perturbation during evolution at t = 15.
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Fig. 7: Contours of vorticity to two-dimensional base ﬂow at Re = 400 for pulsatile ﬂow with Ured = 10, (a) τ/T = 0,
(b) τ/T = 0.25, (c) τ/T = 0.5, (d) τ/T = 0.75.
perturbation at t = 15 corresponding to the initial condition shown in ﬁgure 6(a). As we can see, the evolution of
the optimal perturbation is a wave packet, which becomes a series of spanwise counter-rotating rolls. The maximum
energy growth occurs downstream of the recirculation zones. A very similar structure of the optimal perturbation was
obtained for a steady ﬂow over a backward facing step, with Re = 5005.
4. Pulsatile ﬂow
4.1. Base ﬂow characteristics
The main characteristics of the pulsatile base ﬂow with Ured = 10 are indicated in ﬁgure 7 for Re = 400 by vorticity
contours at four phase points. We observe that there is only one ejection per pulse cycle. Figure 7(a) shows the onset
of the shear layers at the constriction and the leading pulse front when it reaches approximately x = 8. Figures 7(b-d)
illustrate the evolution of the shear layers to ﬂow separation in the throat.
4.2. Linear stability
In ﬁgure 8, we plot the real part of the leading eigenvalues, σ, as a function of spanwise wavenumber β for four
diﬀerent Reynolds numbers, between 200 and 300. All leading eigenvalues found are real. In this plot we observe
that the most unstable spanwise wavenumber is around β = 0.75, being half of the steady case. Besides, it can be
seen that the primary instability for pulsatile ﬂow in the constricted channel occur for a Reynolds number just below
of 250. The inset plot in the ﬁgure 8 shows the (real) leading eigenvalues, σ, as a function of Reynolds number for
β = 0. Thus, the critical Reynolds number for two-dimensional disturbance is 278.9, determined by interpolation with
uncertainty less than 1%.
Figure 9, shows the neutral stability curve for the pulsatile ﬂow in the constricted channel for Reynolds number up
to 300. The critical values for the primary linear instability to three-dimensional perturbations are Rec = 249.7 ± 0.1
and βc = 0.77 ± 0.01. The critical spanwise wavelength is 2π/βc = 8.16 channel widths.
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Fig. 10: Two-dimensional energy growth envelopes, G(τ), as function of τ to Reynolds number of 50 up to 400 in
steps of 50 for pulsatile ﬂow. The maximum growth at Re = 400 is Gmax(9.47) = 7.95 × 103.
(a)
(b)
Fig. 11: Plots of two-dimensional optimal disturbance for pulsatile ﬂow at Re = 400, Ured = 10. (a) Contours
of velocity in the x-direction for optimal initial perturbation for τ = T . (b) Contours of vorticity of the optimal
perturbation at t = T .
The envelopes show shapes very similar for Reynolds number from 200 to 400, implying in similar dynamics. All
Reynolds numbers considered exhibit growth at early times (G(τ) ≥ 1), thus the Reynolds number for which G(τ) < 1
is certainly less than 50.
The x-velocity contours of the two-dimensional optimal initial perturbation for Re = 400 is shown in ﬁgure 11(a)
for τ = T . We can see that the initial perturbation, is concentrated around the constriction, at the separated ﬂow and
upstream of the constriction with a chevron-shaped pattern, like in the steady case. Figure 11(b) shows contours of
vorticity of the optimal perturbation at t = T related to the initial condition shown in ﬁgure 11(a). From ﬁgure 7(a),
we saw that the leading pulse front reaches approximately x = 8 in this phase point, therefore the wave packet travels
together with the pulse front, but slightly downstream. As for the steady ﬂow, a series of spanwise counter-rotating
rolls is formed in the ﬂow with the evolution of the disturbance, nevertheless in this case the disturbance is already
deformed by the mean strain ﬁeld into a slightly parabolic shape5, which will continue to deform the disturbance with
the propagation of the wave packet.
Here, we will add a new parameter in our study, the phase t0 at which the disturbance is introduced in the base ﬂow.
Notice that for t0/T = 0.25 the disturbance is initiated in the peak ﬂow and for t0/T = 0.75 at the lower velocity of the
pulse. Figure 12(a), shows the optimal growth, G(τ), as a function of relative time at Re = 200. The maximum growth
over all initiation phase observed is Gmax = 2.49 × 103, which occurs at τ/T = 0.48 for the phase t0/T = 0.375. Two
important observations can be made from this result. First, this value of growth is 2 orders of magnitude higher than
the case where the initiation phase starts at the onset of the pulse. Secondly the peak growth value have the same order
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5. Conclusion
In this work we have investigated three-dimensional instabilities in a straight constricted channel. For steady
ﬂow, we observed that although the ﬂow is linearly stable for two-dimensional perturbations at Re = 700, it shows
a large energy growth of the order of 107, which occurs for three-dimensional perturbations in straight tubes with
axisymmetric constriction as well. In pulsatile ﬂow, the optimal initial condition occurs for a disturbance applied
shortly after the peak velocity for Re = 200, the maximum growth value is higher than three orders of magnitude and
approximately two orders of magnitude higher than the case where the initiation phase starts at the beginning of the
pulse.
We saw that the optimal initial perturbation in both ﬂows is concentrated around the constriction, in the separated
ﬂow and upstream from the throat. Furthermore, the perturbations exhibit a chevron-shaped contours upstream as
well as downstream the constriction, featuring a sinuous disturbance. The optimal initial perturbation for steady and
pulsatile ﬂows became wave packets when the optimal perturbations advected downstream the throat. In both cases,
these wave packets show an interesting pattern with a series of spanwise counter-rotating rolls in the centerline of the
channel, which could be a standard structure for the wave packets in a channel ﬂow.
In the future, we will extend the transient growth analysis to three-dimensional to better understand the behavior of
the disturbance evolution in time and space. We also plan to perform DNS to investigate the transition to turbulence
in the ﬂow.
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